Abstract. The evolution of collapsing matter appears to be in contradiction to the second law of thermodynamics, which states that any closed thermodynamic system evolves towards states with equal or higher entropy. However, in the ordinary thermodynamic sense, less homogeneous states means less orderly state and hence also lower entropy states. Thus, gravitational collapse appears to decrease the entropy of the collapsing gas. In this article we consider both ordinary thermodynamic entropy and the hypothesized gravitational entropy in terms of the Weyl curvature hypothesis. It is the total entropy, which is the sum of these two types of entropies, which must evolve according to the second law of thermodynamics. We examine whether this is the case for some specific collapsing models. § Present address:
Introduction
Today there is broad consensus among cosmologists that the configuration of energy in the early universe was very homogeneous and isotropic. In addition to its homogeneity, the "gas" which initially filled up space must have been in thermal equilibrium. Otherwise, the cosmic nucleosynthesis would not have produced the correct helium abundance in the universe [1] . In terms of classical thermodynamics, this means that the early universe must have been in a state of (near) thermodynamic equilibrium. From the usual definition of entropy, we can state equivalently that the early universe must have been one of (near) maximal entropy. Thus, according to the second law of thermodynamics, the universe could not have evolve beyond the initial state, since any such evolution would mean a reduction in entropy.
But, nevertheless, we know that matter eventually breaks up due to gravitational attraction and ends up forming structures such as galaxies, stars, planets, planetary clouds etc. This is an evolution in the direction of a less homogeneous distribution of matter, and hence towards a lower entropy state. It appears therefore as if the evolution of structures in the universe breaks the second law of thermodynamics.
A possible solution to this problem was suggested by Penrose [2] in 1977 by introducing the concept of gravitational entropy. Penrose argued that a series of outstanding issues within cosmology and physics generally could be solved by postulating a low entropy initial universe. He argued [1, 2, 3 ] that such an initial universe, among other things, presents a possible answer to the question of the arrow of time. The arrow of time is the direction in which the entropy of a physical system grows. Since all microscopic laws of physics are time symmetric, we would not expect such an arrow of time to exist. In other words, there should not exist a preferred time direction in which the entropy grows. But Nature, for some unknown reason, seems to have chosen a specific arrow of time, namely that entropy grows with increasing time.
Penrose notes that by imposing an initial state on the universe which has a much lower entropy than the final state, the arrow of time is automatically explained. Since the final state of the universe has higher entropy than the initial state, the entropy must grow with increasing time. This represents a shift of focus point away from the laws of physics themselves and over to the boundary conditions imposed on the very same laws.
However, as we argued initially, the initial state of the universe appears to be in thermodynamic equilibrium and we would therefore expect it to have high instead of low entropy. This is where the concept of gravitational entropy enters. The ordinary thermodynamic entropy does not account for gravitational forces. It applies only for physical systems where gravity has no effect, i.e. over time periods which are small compared to the relaxation time of the gravitational forces between the different constituents of the system. For an ordinary laboratory system this additional entropy quantity can be disregarded. Whereas for large systems in which gravity plays an effect, such as the universe itself, it must be considered.
We define a total entropy which is the sum of thermodynamic entropy and gravitational entropy. This allows us to have an initial state with low entropy even if the thermodynamic entropy is maximal. All we would require for this to be achieved is for the initial gravitational entropy to be minimal and that it increases faster the thermodynamic entropy decreases. Penrose proposed the Weyl tensor [1] as a measure of gravitational entropy. The Weyl tensor has the desired properties that it vanishes for homogeneous and isotropic universe models, and that it grows with increasing inhomogeneity. These are the exact properties which we would seek qualitatively in a measure of gravitational entropy.
In this article we will examine how both the thermodynamic and the gravitational entropy evolve with time in a perturbed, flat matter dominated FRW model. We will look specifically at perturbations which have a Gauss-like form. Furthermore, for simplicity, we consider only perturbations that are either plane symmetric, cylindrically symmetric or spherically symmetric. We start by deriving the time evolution of scalar perturbations, which we will need in our calculations of the entropy.
Scalar perturbation theory
Let us consider only scalar perturbations to the flat FRW metric. We assume that the universe is occupied by matter in the form of a perfect fluid with no anisotropic stress. This allows us to write the perturbed metric in terms of only one perturbing function Φ [4] , the so-called Bardeen potential:
where η is conformal time. The energy-momentum tensor for the matter content is written as a homogeneous zeroth order term plus a non-homogeneous first order perturbation:
Using the definition of the energy-momentum tensor for a perfect fluid, the equation of state for matter and four-velocity identity u µ u µ = 1, we can write the components as:
where the Latin indices run over spatial components only. Using the metric (1) and the energy-momentum tensor (3)- (5), the Einstein equations up to first order are easily obtained. The zeroth order equations are
and
where H = 
where we have defined the density contrast as δ ≡ δρ ρ 0 . The zeroth order equations are the ordinary FRW equations for a matter dominated, flat universe expressed in conformal time instead of the usual comoving time. The solution to these equations is a = η η 0 2 and ρ 0 = 3η
where we have defined η 0 such that a(η 0 ) = 1. We shall later need the relation between conformal and comoving time. Using the definition a(η)dη = dt, we can write this as
Let us introduce a new dimensionless time parameter τ , which measures time relative to the initial time t 0 , i.e.
Using this new time parameter we can write the scale factor and the unperturbed energy density as
and ρ 0 (τ ) = 1 6πGt
Next, we solve the first order equations. We start with equation (10), which doesn't couple to the other two equations, and obtain the metric perturbation Φ. The remaining perturbing functions δ and δu i are then obtained by a simple substitution of Φ into equations (8) and (9) . Disregarding solutions which decrease with time, we can write the perturbations as:
where f (x) is an arbitrary function of spatial coordinates.
Classical entropy of a perturbed ideal gas
In this section we wish to find the expression for the thermodynamic entropy of a perturbed ideal gas. Since we are considering a universe model which is dominated by pressureless matter, we assume that the thermodynamic entropy of such a gas is given by the ideal gas entropy law of non-interacting particles. For an ideal gas which consists of N particles in a volume V it reads [5]
where m is the mass of the gas particles and the Boltzmann constant is assumed to be unity. In order to use this expression in our calculations we must first generalize it to a continuous gas distribution. Consider an ideal gas within a small volume element dV . The number of particles inside this volume is
The entropy inside the volume element can now be written as
where σ T can be interpreted as the entropy density of the ideal, continuous gas distribution,
The parameter κ T is defined as
We write the energy density as the sum of a zeroth order term and a first order part, ρ = ρ 0 (1 + δ). Inserted into equation (21) and keeping terms only up to first order, we can write the perturbed thermodynamic entropy density as
Time dependence enters this expression through the unperturbed energy density ρ 0 , the density contrast δ and the parameter κ T . The first two quantities are explicitly time dependent, while the latter quantity is implicitly time dependent via the temperature. In a matter dominated universe it can be shown [6] that the temperature varies like T ∝ a −2 . In terms of the dimensionless time parameter τ , we can write the time dependence of the temperature as
where T 0 is the temperature of the gas at the initial time t 0 . We substitute this expression for T into the definition of κ T and make use of the expressions in equation (14). This allows us to write the thermodynamic entropy density as
where κ T 0 is the value of κ T at the initial time t 0 and where we have defined the following constant
The thermodynamic entropy inside a small comoving volume element dV is equal to the entropy density times the volume element,
The comoving volume element is given by the determinant of the spatial metric h ij , which in Cartesian coordinates can be written as
Substituting expressions (25) and (28) into (27) and keeping terms only up to first order, we get the following expression for the thermodynamics entropy
As a consistency check we can calculate the entropy of the unperturbed FRW model, which we know to be constant. Using expression (29), the thermodynamic entropy inside a comoving volume V of the unperturbed FRW model is
This is indeed a constant.
Gravitational entropy
As we pointed out in the introduction, the Weyl tensor satisfies the properties which one would assign qualitatively to a quantity which measures gravitational entropy. However, entropy is a scalar quantity. Thus, if we wish to construct a measure of entropy from the Weyl tensor, we have to use some scalar composition of it. There are many different scalars which can be constructed from the Weyl tensor. One such was proposed by B.L. Hu [7] and uses the "square" of the Weyl tensor,
This quantity depends on the space-time coordinates and must therefore be interpreted as an entropy density. In order to obtain the total gravitational entropy, one must perform an integration of (31) over space. Thus, the gravitational entropy can be written as
Another measure of gravitational entropy was proposed by Goode et al. in 1985. They proposed [8] that one uses the ratio of the square of the Weyl tensor to the square of the Ricci tensor,
The quantity which we will use as a measure of gravitational entropy was proposed by Grøn and Hervik. They suggested in [9, 10] that one considers the square root of the quantity (33), which gives the following gravitational entropy
χ is an arbitrary constant which has to be introduced in order to get the right dimension for the entropy. It has dimension equal to inverse length cubed.
Gravitational entropy of a perturbed ideal gas
In order to calculate the gravitational entropy for the perturbed ideal gas using the expression (34), we must first calculate the Weyl and the Ricci tensor. Performing these calculations we find the entropy density
where Q[Φ] is an expression which depends on the metric perturbation Φ. In order to simplify matters somewhat, we will restrict ourselves to perturbations of certain symmetries, namely planar, cylindrical and spherical symmetries. For perturbations which obey these symmetries we can write Q[Φ] as
− r ∂Φ ∂r
for cylindrical symmetry
Obviously, we want our measure of gravitational entropy to be non-negative. We must therefore take the absolute value of P . The gravitational entropy density can now be written as
where we have made use of (12) and (13) to express the explicit time dependence in terms of the dimensionless time parameter τ . Next, we multiply this expression with the volume element (28). This gives us the gravitational entropy element, which we can write as
6. Total entropy of Gauss-like density perturbations
So far we have not specified any special form for the perturbations. Although we have demanded that they obey certain symmetries, we have not said anything about their functional form. We are free to choose any form for either the initial density perturbation or the metric perturbation. We choose to examine perturbations that are localized around the origin of our coordinate system at the initial time t 0 . Furthermore we want the perturbations to be such that total mass in the unperturbed and the perturbed universe at t 0 remains the same. For the latter requirement to be fulfilled, the initial density perturbation must satisfy the following integral
We can obtain a function which satisfies these conditions by considering a Gauss function multiplied by a fitting, symmetric second order polynomial. We shall call such functions Gauss-like functions. The exact form of the polynomial depends on the symmetry of the density perturbation.
Plane symmetric density perturbations
By plane symmetric density perturbations we understand perturbations which depend on only one Cartesian, spatial coordinate. We choose this coordinate to be the x coordinate.
In this case we can use the following function as the initial density perturbation
The constant L is a measure of the length scale of the perturbation. For |x| ≫ L the perturbation is effectively zero. We introduce a new dimensionless spatial coordinatê
The time evolution of the density contrast is determined by equation (16). Expressed by the dimensionless coordinates, we can write this as
Considering this equation at τ = 0, when the density contrast is given by (40), we get a differential equation for f (x). Once we have solved this differential equation, the time evolution of the density contrast in obtained by reinserting the solution for f (x) into (42). We solve the differential equation at τ = 0 numerically with the boundary conditions that f (x) remains finite everywhere and f (x) tends to zero whenx goes to infinity. The amplitude of the initial density perturbation is set to δ 0 = 10 −5 . The quantity 
2 ≪ 1, remain approximately constant in time. Perturbation which are well inside the Hubble length, on the other hand, grow with time like ∼ t 2/3 . Since we are only interested in density perturbations which grow with time, we will choose a value for η 0 L which gives us perturbations that are inside the Hubble length. Our choice will be
Having fixed all the numerical constants which appear in the differential equation, we can now move on to solving it numerically. For this we used the scientific computer program Matlab. The solution for the metric perturbation can be found in figure (1). In figure (2) we have plotted the density contrast for a series of different values of τ to illustrate how it grows with time.
Now that both the density contrast and the metric perturbations have been determined, we can move on to calculate the thermodynamic and the gravitational entropy. The volume element which appears in the expressions for these quantities will in the plane symmetric case be replaced with when we disregard any multiplicative constants. Such constants will not have any bearing on our results since we'll only consider relative entropies. Using expressions (29) and (38), we can write the formal expressions for the two entropy types as
for the thermodynamic entropy and
for the gravitational entropy. We choose the initial time of the perturbations to be t 0 = 380 000 yrs. In regards to the particle type it is natural to assume that the gas under consideration consists of protons, i.e. m = 1.67×10 −27 kg. Furthermore, we choose the initial temperature to be T 0 = 3000 K. With these choices the constants α 0 and κ T 0 take the values
We substitute these values into the expressions (44) and (45) and perform the integrations numerically.
As stated earlier, we are only interested in relative entropies. In analogy to the density contrast, we will therefore define a dimensionless entropy contrast ∆ which measures entropy relative to the unperturbed entropy: ∆ = entropy -unperturbed entropy unperturbed entropy (47) In figure (3) we have plotted the thermodynamic entropy contrast ∆ T , which is a measure of the thermodynamic entropy relative to the unperturbed thermodynamic entropy. We see that the thermodynamic entropy of the perturbed gas does indeed decrease with time as the gas collapses, which is exactly what we argued from a physical point of view in the introduction. The important question is whether the total entropy contrast ∆ tot , which is the entropy contrast we get when we consider both the thermodynamic and the gravitation entropy, grows with time. The gravitational entropy will of course grow with time since it was constructed to do just that. However, the sum of this and the thermodynamic entropy will grow with time only if the growth in S G is sufficiently large to overcome the decrease in S T . This in turn depends on the hitherto unspecified constant χ. The entropy contrast will grow only when χ is larger than a minimal value. This minimal value will depend on the choices of initial time of the perturbations t 0 , the temperature of the gas T 0 at the initial time and the mass m of the gas particles. Furthermore, it depends also on the geometry and the scale η 0 L of the initial perturbation. For the Gauss-like, plane symmetric initial density perturbation with the constants chosen as earlier, the minimal value of χ which makes the total entropy grow is
We have illustrated such a growing total entropy in figure (4), which is a plot of the total entropy contrast for χ = 1.0×10 7 m −3 . 
Cylindrically symmetric density perturbations
In the previous section we showed that the total entropy of a collapsing plane symmetric gas will grow when the constant χ is sufficiently large. We will now show that this holds also for cylindrically symmetric and spherically symmetric density perturbations, but with different values for χ. We consider the cylindrically symmetric case first. An initial density perturbation which satisfies (39) is
when expressed in cylindrical coordinates. We introduce the dimensionless coordinateŝ r and τ just as we did in the previous section. Expressed in these coordinates, the equation which time evolution of the cylindrically symmetric density perturbation takes the form
The procedure for determining the perturbing functions δ(r, τ ) and f (r) is the same as in the plane symmetric case. We consider the differential equation for τ = 0 and solve for the metric perturbation. The solution is then reinserted into the equation, which yields the time evolution of the density contrast. A plot of the cylindrically symmetric metric perturbation can be found in figure (5). The corresponding density perturbation is plotted in figure (6) for some values of τ . The volume element in cylindrically symmetric coordinates is
up to a multiplicative constant. Using this expression along with expression for Q[f ] in the cylindrically symmetric case, we can write out the formal expressions for the thermodynamic and the gravitational entropies. They are
for the classical entropy and
for the gravitational entropy. We use the same values for the constants α 0 , κ T 0 and η 0 L as earlier, and evaluate the integrals numerically. We find that the classical entropy decreases with time while the gravitational entropy increases with time as the density perturbation grows. The sum of these, however, increases only when the constant χ is larger than the minimal value
The total entropy contrasts is plotted in figure (7) for χ = 1×10 7 m −3 . This value for χ gives us a growing total entropy contrast. Figure 8 . The metric perturbation due to the Gauss-like, spherically symmetric density perturbation.
Spherically symmetric density perturbations
Using spherical coordinates, we can write an initial density perturbation which satisfies (39) in the following way
Following the same procedure as for the two previous cases, we introduce the dimensionless coordinatesr and τ . The equation that determines the time evolution of the density contrast can now be written as
We solve this equation numerically for δ and f in the same way as we did in the previous cases. The solutions are plotted in figures (8) and (9) . Up to a multiplicative constant, the volume element can be written as
We substitute this along with the definition for Q[f ] into the expressions for the thermodynamic and the gravitational entropies. This yields
for the thermodynamic entropy and for the gravitational entropy. Performing these integrations numerically we find, just as we did earlier for the previous two cases, that the classical entropy decreases with time while the gravitational entropy grows with time. The total entropy grows only if χ is larger than the minimal value
In figure (10) we have plotted the total entropy contrast for χ = 5×10 8 m −3 , which is a value which produced a perturbation with a growing total entropy. The value (60) is different from the corresponding values for the plane symmetric and the cylindrically symmetric perturbations. This shows that if a certain choice of χ makes the total entropy of a certain type of perturbation grow, it doesn't necessarily guarantee that the total entropy will grow for all type of perturbations.
What is the value of χ?
We have seen that the growth of the total entropy depends on the numerical value of the unknown constant χ. We believe that it is possible to determine this constant in terms of known physical constants. One way in which this could be done is to try to establish a link between our form of gravitational entropy and the Bekenstein-Hawking entropy of Black Holes [11, 12] . The latter is a specialized form of gravitational entropy for which we know the absolute expression. Once such a link has been establised, a simple comparison of the two expressions should yield the value of χ.
Although we have yet to find such a value, we can say something about the minimal value it must have in order for different types of perturbations to grow. First of all, we see from the definitions of the thermodynamic entropy (29) and the time evolution of the density perturbation (16) that the thermodynamic entropy decreases as ∼ τ 2/3 . On the other hand, the gravitational entropy increases as ∼ τ 8/3 (38). Assuming that the first order approximation holds, this means that there will always exist a finite time t eq after which the total entropy will grow.
In order for the total entropy to grow monotonously for all times after the initial time t 0 , χ would have to be greater than χ min , where χ min is the value of χ which satisfies the equation
Substituting the expressions for the thermodynamic and the gravitational entropies into this equation, we find that
Thus, the later the perturbations are produced, the more likely it is that their total entropy will grow with time.
Conclusions and summary
The main objective of this work has been to investigate the concept of gravitational entropy from a perturbative point of view. A flat, homogeneous matter dominated universe was subjected to a linear perturbation, and the entropy properties of the resulting universe were investigated.
We confirmed that the thermodynamic entropy of such a universe decreases with time as the perturbations grow, which appears to be in conflict with the second law of thermodynamics (SLT). Following Penrose, we defined an additional entropy quantity called the gravitational entropy. The new entropy quantity arises from the geometry of space-time and takes into account the attractive nature of the gravitational force. The sum of the thermodynamic entropy and the gravitational entropy defines a total entropy. It is this total entropy quantity, and not the thermodynamic alone, that must satisfy the SLT.
We considered a special type of perturbations which were products of second order polynomials and Gauss functions, and showed that the SLT is indeed satisfied if the proportionality constant χ between the the gravitational entropy and the geometric quantity is chosen larger than a certain value for each type of perturbation. Although we have not calculated the value of χ in the present article, we think it is possible to do so. An effort in this direction will be made in a later work.
